We propose an opinion model based on agents located at the vertices of a regular lattice. Each agent has an independent opinion (among an arbitrary, but fixed, number of choices) and its own degree of conviction. The latter changes every time it interacts with another agent who has a different opinion. The dynamics leads to size distributions of clusters (made up of agents which have the same opinion and are located at contiguous spatial positions) which follow a power law, as long as the range of the interaction between the agents is not too short, i.e. the system self-organizes into a critical state. Short range interactions lead to an exponential cut off in the size distribution and to spatial correlations which cause agents which have the same opinion to be closely grouped. When the diversity of opinions is restricted to two, non-consensus dynamic is observed, with unequal population fractions, whereas consensus is reached if the agents are also allowed to interact with those which are located far from them.
I. INTRODUCTION
Statistical mechanics has turned out to be quite successful in modeling many systems whose interaction is, in principle, much more complex than those traditionally studied in physics as, in many cases, the systems are made up of agents which are endowed with intelligence and, therefore, the interaction between them depends on their decisions [1] [2] [3] . Nevertheless, simple statistical models have been developed for describing social systems [1] [2] [3] [4] , economy [5] [6] [7] [8] , etc. Despite the great complexity of such real systems, their main properties can be reproduced by simple models which retain their underlying features.
A great deal of effort has been devoted to developing models for describing the properties of systems made up of agents with competing opinions [1, 4, [9] [10] [11] [12] [13] [14] . This is of great relevance as human conflicts very often arise from the simultaneous existence of incompatible opinions in populations. Different systems, such as hierarchical societies [9] or democratic ones [11] , where the agents follow the opinion of the local majority within a group, have, for instance, been investigated. Most of these models allow the agents to assume only one of two possible opinions. Such spin flip models are representative of many real situations which offer only two possibilities and, therefore, are also of great interest [1, 12, 13] , besides the similarities with other physical systems.
The evolution of scientific paradigms has been recently modeled in Ref. [4] . The slow decline of old ideas and the quick adoption of new ones are the main characteristics of the model. Those authors find that the dynamics nat-urally leads to the replacement of old concepts by a new paradigm, which dominates for a certain period of time, until it is gradually replaced by new ideas.
Inspired by that work, we have developed an opinion model where agents are placed at the vertices of a regular lattice and interact only with those located within a certain range. Each agent has an opinion and its degree of conviction. In contrast with many other models, such as those developed in Refs. [4, 11, 12] , for instance, the interaction between two agents is strictly local, in the sense that it relies only on the agents' properties, i.e. their opinions and convictions. Their neighborhood has no influence on the interaction. The latter primarily affects their degree of conviction. More precisely, the interacting agents' convictions are affected during the interaction. If the conviction of one of the agents reaches a certain lower bound then its opinion changes to that of the opponent. We therefore take into account the difficulty in persuading someone who has a strong conviction. In such a case, it is necessary to change his (her) beliefs prior to the acceptance of the new idea. Furthermore, we allow the agents to interact with those which are located beyond their first neighbors.
The dynamics of the opinion distribution in populations is then studied in the framework of this model and the remainder of this work is organized as follows. In Sec. II we give a detailed description of the model. The results are presented and discussed in Sec. III whereas concluding remarks are drawn at Sec. IV.
II. THE MODEL
The system is built on a regular mesh of N x horizontal and N y vertical lines, with periodic boundary conditions. One agent is placed at each vertex and an opinion O i , among the N o possible ones, is ran-domly assigned to the i-th agent, as well as a positive integer C i , which corresponds to its degree of conviction. An agent located at vertex (k, l) interacts with any of the neighbors located in vertices (k
The range r is one of the model parameters. Thus, each agent has 4r(r + 1) neighbors. At each step of the dynamics:
a) An agent i is sampled with probability proportional to C i and one of its neighbors is randomly selected for interaction, as described below. By doing so we assume that the agent's activity is related to its conviction.
b) With probability α, another agent is randomly selected among the others and its opinion changes to any of the N o possible ones, including its own. This procedure represents the replacement of the agent by death or substitution due to departure from its neighborhood. Its new conviction is selected between 1 and the maximum existing value, in order not to introduce any bias into the system.
In step (a) above, nothing is done if the agents have the same opinion and one then proceeds to step (b).
Two agents 'i' and 'j' may interact only if their opinions are different. In this case, they do it with probability
where C min (C max ) is the minimum (maximum) between C i and C j , and λ is a parameter which is chosen so as to minimize the interaction between agents for which C i ≈ C j . This is because it is very unlikely that a leader would be influenced by another competing leader (two agents with large and similar values of C). On the other hand, if a leader (large C value) meets an ordinary agent (small C value) who has a different opinion, the latter is very likely to be convinced by the former. The functional form chosen in this work aims at introducing these features into the model. If the agents interact, with probability C i /(C i + C j ), the conviction C i is increased by one unit and C j decreases by |C i − C j |. Otherwise, C j increases by one unit and C i decreases by
then its opinion changes to that of agent i (j) and C j (C i ) is set to unit.
III. RESULTS AND DISCUSSION
At the initialization stage, an opinion 1 ≤ O i ≤ N o and the conviction degree 1 ≤ C i ≤ 10 [25] are randomly selected and assigned to the i-th agent. The system then evolves during, at least, 10 8 steps. A full step corresponds to the time interval during which N x × N y intermediate steps, as explained in (a) and (b) in Sec.II, take place.
We start by examining the time evolution of the populations of groups with the same opinion. The results 6 , in spite of having carried out simulations up to much larger times, as just mentioned. One sees that no opinion dominates the dynamics. They coexist in different proportions and one notices that, very often, there is one which is much more popular than the others. Its dominance lasts for a relatively short time and the popular opinion is replaced by another one. As a matter of fact, only a small number of opinions are effectively disseminated through the system, the others being a small perturbation most of the time. The most popular opinions are replaced by the unimportant ones, but few opinions dominate the population at the same time.
This conclusion is independent of the number of possible opinions N o as one sees in Fig. 2 , which shows the number of opinions, for which
where
as a function of time, for ǫ = 0.1 and 0.5. Before carrying out the sum, the indices i are rearranged so that the smallest populations are selected to calculate the fractions. The calculations have been carried out for N o = 50. It is clear from these results that, although the composition may change, only very few opinions are actually adopted by the populations. Therefore, the use of a fixed number of opinions should not be seen as a limitation of the model as the system naturally eliminates most of the competing opinions and very few of them effectively take part into the dynamics. We have checked that this conclusion still holds if one uses different parameters, such as λ = 2.0 or r = 10. We now turn to the size distribution of clusters made up of neighbors holding the same opinion. The system configuration is analyzed at every 10 3 full steps and the time average is thus performed. The results are exhibited in Fig. 3 for different values of the range r. Two agents belong to the same cluster if they have the same opinion and their grid coordinates obey (k, l) − (k ′ , l ′ ) = (±1, 0), (0, ±1), or (±1, ±1). The results clearly show that the size distribution is very sensitive to the interaction range r. For cluster sizes up to 10% of the total system, the distribution becomes steeper as r increases, whereas the development of a big cluster, of approximately the size of the total system, becomes more and more pronounced. Since agents interact only if they do not have the same opinion, the borders between clusters are the regions of strong activity. For short range interactions, only agents which are located very close to the borders are allowed to interact. Therefore, for small values of r, one should expect to observe compact groups of agents, who share the same opinion. This should favor the appearance of medium size clusters. Indeed, large range values would lead to very diffuse borders and, therefore, to the disappearance of the coherence among the agents which are close to each other. In the limit of very large r values, the connected agents would pervade the system and the different groups would interpenetrate each other, as they would not be compact. This would favor the appearance of large clusters during the dynamics, whose contribution to the size distribution may also be noticed in Fig. 3 . Owing to the strict conservation laws, the mul-
This qualitative reasoning is confirmed by the results displayed in Fig. 4 , where the spatial configuration of the clusters is shown at randomly selected moments. Distinct opinions are represented by different gray values (color online). One sees that, compact groups are indeed formed for r = 1, whereas the clusters become more and more spatially diffuse as r increases. Thus, our model predicts that long range interactions tend to destroy spatial correlations among opinions, when consensus has not been reached and different opinions coexist in the system. The role played by the parameter λ is illustrated in the inset of Fig. 3 , where the cluster size distributions obtained with λ = 1.0 and λ = 2.0, for r = 1, are compared. The effect on the size distribution is small and is more easily noticed at large sizes where one observes a slight suppression of big clusters. We have also checked that the other observables studied in this work are weakly affected if one changes λ in the range 1.0 ≤ λ ≤ 2.0. For the sake of simplicity, we adopt λ = 1.0 from here on.
One may also notice in Fig. 3 that the size distribution of clusters, whose size s is smaller than 10% of the system size, is fairly accurately approximated by a power law, i.e. P (s) ∝ s −β . The exponent varies with r and corresponds to β = 1.65, 1.90, 2.30, and 2.35 for r = 1, 2, 5, and 10, respectively. We have checked that the asymptotic value is reached for 5 < r ≤ 10.
These results show that the system self organizes, i.e. the configurations are reached without the need of the external tuning of any parameter, and the power law suggests the existence of critical behavior. The self organized criticality (SOC) has been discussed in different places [16] [17] [18] [19] [20] and has been observed in many different systems [20] [21] [22] [23] [24] . In our case, this suggests that, on rare occasions, consensus would spontaneously be reached. This state should survive for a while, until conflicting opinions are nucleated by the noise described in (b) in Sec. II and the competition among them would restart and another opinion would dominate, and so on. In order to investigate whether scale invariance is, in fact, present in the dynamics, we show, in Fig. 5 , the cluster size distributions for different r values and system sizes. The results reveal that, for r = 1, there seems to be a characteristic scale, since the largest cluster formed during the dynamics does not scale with the system size. In fact, as shown by the full circles in the up left frame of this figure, the distribution for r = 1 and N x = N y = 200 is accurately described by P (s) ∝ exp(−0.00027s)/s 1.65 , which has a clear exponential cut off. These statements are weakened for r = 2 and are no longer valid for larger range values. More precisely, the power law regime extends to larger sizes as the total system size increases for r ≥ 2. Actually, there is a range value, between 2 and 5, for which the power law regime is an adequate description of the size distribution, except for very large clusters, since finite size effects have to be considered for those clusters. Thus, the dynamics leads to two distinct scenarios. For small r, compact clusters are formed and, occasionally, amalgamate and form a very large one. Due to the locality of the coalescence process (for small r the interactions take place at the cluster's borders), this happens very rarely since it requires strong spatial correlations. Then, this process leads to the existence of a size cut off. On the other hand, when large r values are used, the coalescence extends through much larger areas, due to the spread of the clusters. It therefore makes it easier for correlations to propagate through the entire system. Thus, the present model predicts the existence of SOC in systems with competing opinions, if the interaction between the agents are not restricted to their contiguous neighborhood. Up to this point, we have not investigated the role played by the parameter α, which regulates the frequency with which an agent randomly changes his opinion. It contributes with noise, which prevents the system from freezing when consensus is reached. In this sense, the model strongly relies on this parameter to ensure an interesting dynamics. We have found that it also plays a very important role in determining the cluster size distribution. We observed that α = 10 −5 still leads to power law regimes for not too large clusters. However, the invariance of the exponent with the system size shown in Fig. 5 , for r 2, does not hold in this case. This means that, although noise is needed by the dynamics, too much noise destroys the scale invariance, i.e. the agents must keep their opinions for, at least, a short while, in order to preserve spatial correlations. Since, on the average, N x × N y α agents randomly change their opinions at each step, one sees that there is no unique value of α that would ensure scale invariance for arbitrary system sizes since one may always find a size for which too much noise is added to the system at each time step, destroying the spatial correlations. This shortcoming may be avoided by redefining α as the total rate per step, i.e. proportional to (N x N y ) −1 , so that the desired amount of noise is introduced into the system during the dynamics, for any system size. Since the agents' convictions play an important role in the dynamics, as it directly influences their resistance to the adoption of new paradigms, we also examine this quantity. Thus, Fig. 6 displays the time averaged conviction distribution for different values of r. As in real life, most of the agents have a low degree of conviction and the system has very few leaders (large C values), i.e. the distribution decays exponentially. As expected, for a given value of C, the distribution falls off as r increases, since longer range interaction allows the agents to encounter others with different opinions more often (as is illustrated in Fig. 4 , agents with the same opinion tend to be closer for small r values and they do not interact). We finally examine the dynamics when only two opinions are allowed. The modeling of such systems is of great interest and have been extensively studied [1, 10, [12] [13] [14] since there are many situations in real life where binary choices have to be made [1] . Furthermore, the above results, associated with Fig. 2 , also suggest that this scenario should retain most of the properties of real systems. The results of the model simulation obtained for N x = N y = 100 are displayed in Fig. 7 , which exhibits the difference between the populations with opinion 1 (n 1 ) and opinion 2 (n 2 ). As in Refs. [12, 13] , where a nonconsensus opinion model has been proposed and studied, our model allows for the dynamic coexistence of the two conflicting opinions with unequal population fractions. This is seen in the left panels of this figure which show the results for short range interactions between neighbors, i.e. r = 1 and 2. This is in agreement with Ref. [12] which considers the interaction between the closest neighbors. For larger r values, one sees that consensus is reached and it lasts for a long period. We have followed the dynamics during much longer time scales and confirmed this feature. Owing to the noise introduced by the random change of the agents' opinions, regulated by the parameter α, the status quo does not last forever and, after being the overwhelmingly dominating opinion for a long period, its replacement occurs very quickly and the other opinion becomes the consensus, and so on. Therefore, our model predicts that a transition from nonconsensus to consensus occurs as the interaction among the agents changes from short to long range.
IV. CONCLUDING REMARKS
We have developed a model for the dynamics of competing opinions, which is based on the agents' degree of conviction and on the range of the interaction between them. It predicts that, even when many different opinions are allowed, only very few of them are really in use by the agents during the dynamics. This is, in fact, observed in real life when, for instance, at the beginning of an election process, many candidates running for a political office start with not too different opportunities but, after a while, very few dominate the voters' preferences. The model also predicts that the size distribution of clusters, made up of agents which are located in contiguous spatial positions and share the same opinion, follows a power law. That distribution is reached independently of the initial conditions, i. e. the dynamics leads to SOC [16] [17] [18] [19] [20] , as long as the interaction between the agents is not restricted to too close neighbors. When only two opinions are allowed, the model leads to non-consensus dynamics, which qualitatively agrees with the non-consensus model proposed in Ref. [12] . On the other hand, if the agents also interact with those who are located relatively far from them, consensus is quickly reached and it lasts for a long time. The dominating opinion is occasionally replaced, but there is consensus almost all the time. Our model then provides a means to simulate many of the properties of real systems by changing a parameter which has a very simple interpretation on physical systems, i. e. the range of the interaction between the agents. It also contrast with other models as the interaction between agents affects their conviction in first place and their opinions change only after their paradigms have been corroded.
